We study all possible band-to-band transitions between 12 valence and 16 conduction bands of ͑8,0͒, ͑10,0͒, and ͑7,0͒ nanotubes and calculate the corresponding dipole moments using first-principles methods in a wide ultraviolet-visible-infrared range of photon energies. The goal is to investigate the optical transitions and the selection rules for nanotubes with small diameters in a broad range of energies, taking into account the curvature and rehybridization effects on the dipole moment. Our calculations show the conservation of a modified quantum number, m , for all the transitions and reversal of the horizontal parity. Besides the -‫ء‬ transitions, we observe the possibility of -‫ء‬ , -‫ء‬ , and -‫ء‬ transitions. In fact, the maximum dipole moment for the three nanotubes corresponds to the transition between valence and conduction bands that are both of nature. The maximum transition rate for an ͑8,0͒ nanotube happens at approximately 1.42 eV, corresponding to the transition between the first valence and fourth conduction bands and mapping to the infrared region. The maximum of transition rate for ͑10,0͒ and ͑7,0͒ nanotubes happens at 0.79 eV and 3.03 eV, respectively. There exist high absorption probabilities in the infrared and visible region in all three nanotubes. Also, high absorption probability in the low ultraviolet region is demonstrated, mostly as a result of -‫ء‬ transitions.
I. INTRODUCTION
Carbon nanotubes ͑CNTs͒ are nanoscale materials that are well known for their unique properties arising from their one-dimensional nature and strong carbon-carbon bond in their structure. One of their attractive areas of application is nanophotonics. Semiconducting nanotubes are direct bandgap materials and their optical absorption and emission properties have been studied both theoretically and experimentally. The unique optical behavior of these structures stems from their one-dimensionality and sharp van Hove singularities ͑VHS͒ in their density of states. Photoluminescence from individual single-walled nanotubes ͑SWNTs͒ has been observed [1] [2] [3] and the photoconductivity of these structures has been studied. 4, 5 Various research groups have experimentally measured the optical absorption spectra of CNTs and explored the structural dependence of these spectra. [6] [7] [8] [9] [10] The optical spectra and their dependence on the diameter and chirality have also been investigated theoretically. [11] [12] [13] [14] [15] [16] The optical spectra of SWNTs in the visible-infrared region have been studied using first-principles methods and the effect of excitons on the absorption spectra has been explored. [11] [12] [13] A quantitative analysis of the optical spectra in the ultravioletvisible-infrared region based on tight-binding ͑TB͒ bandstructure calculations has been reported. 14 Ultraviolet optical absorption in CNTs has also been recently studied with firstprinciples methods. 15, 16 In this paper, we study the optical transition mechanisms for ͑8,0͒, ͑10,0͒, and ͑7,0͒ nanotubes which are semiconducting zigzag CNTs with subnanometer diameters of ϳ0.63 nm, ϳ0.78 nm, and ϳ0.55 nm, respectively, in the broad range of ultraviolet-visible-infrared. The goal is to take into account the possible effects of curvature and rehybridization on the optical transitions, selection rules, and dipole moments, as well as attribute the spectral peaks to the relevant transitions. Optical transition energies in nanotubes have been previously calculated with extended TB ͑ETB͒ and first-principles methods, showing good agreement with experimental results. 11, 17 However, to our knowledge, transition dipole moments and selection rules for nanotubes have not been investigated by any method other than the -orbital TB approach. [18] [19] [20] [21] [22] Here, we calculate the dipole moment for each of the transitions based on first-principles approaches and the density-functional theory ͑DFT͒. These methods are computationally expensive compared to the TB approximation. However, they can provide more accurate molecular orbitals and band structures, which can result in a more realistic estimate of the transition dipole moment, especially for CNTs with small diameters.
The transition dipole moment is a vector quantity associated with the transition of electrons between two states with the magnitude of the dipole indicating the probability of this transition. The dipole moment is not only needed for calculating the transition rates and absorption spectra but also provides valuable insight into interband transition mechanisms and selection rules. Transition dipole moments for nanotubes have so far been reported only based on the -orbital TB/ zone-folding approach. ͑From here on, unless otherwise specified, by TB we mean to refer to the -orbital TB method within the zone-folding approach.͒ This method offers a highly valuable intuitive interpretation of the electronic structure and is useful for the qualitative description of the transition rates and absorption properties. However, the simplifications used in this method impose limitations and may result in significant inaccuracies. For example, -orbital TB does not treat the -hybridization resulting from the curvature of the nanotube sidewall, which is pronounced especially in SWNTs with diameters smaller than 1 nm. 23 It has been shown that it fails in accurately predicting the conduction bands in particular. 24 Also, since only orbitals are included in this approximation, the possibility of other tran-sitions that may occur in CNTs is neglected. 25, 26 Finally, TB does not include many-body exchange and correlation effects.
One can calculate the interband transition rates using the perturbation theory and Fermi's golden rule. According to the golden rule, the transition rate, W if , between an initial state, i , and a final state, f , can be calculated from the following:
where 
where I, , and P are the intensity, angular frequency, and polarization vector of the incident light, respectively, and i and f refer to the initial and final states. Electron mass and the elementary charge are represented by m and e, respectively. c is the speed of light and ⑀ is the dielectric constant. D is the electric dipole vector given by
Absorption of light polarized perpendicular to the nanotube axis is known to be suppressed compared to that of parallel-polarized light. 27 Therefore, here we focused on the z-polarized light with the nanotube lying along the z direction.
II. METHODOLOGY AND RESULTS
͑8,0͒, ͑10,0͒, and ͑7,0͒ SWNTs were relaxed by geometry optimization in the software package GAUSSIAN 03. 28 The diameters of these nanotubes are less than 1 nm in all three cases and we expect curvature-induced effects to be pronounced in them. In order to mimic an infinitely long nanotube, one unit cell of the nanotube with periodic boundary conditions was used. The orbital energies and wave functions were then obtained using both GAUSSIAN 03 and GAUSSIAN 09 ͑Ref. 29͒ with various levels of theory and basis sets. Here, we discuss the results obtained from DFT calculations using Becke-Lee-Yang-Parr ͑BLYP͒ ͑Refs. 30 and 31͒ and Becke3-Lee-Yang-Parr ͑B3LYP͒ ͑Refs. 30-32͒ exchange-correlation potentials, as well as those obtained from the restricted Hartree-Fock ͑RHF͒ method, using 6-31G basis sets. The discussions are mainly based on BLYP calculations for an ͑8,0͒ nanotube. The rest of the results are presented for comparison purposes.
To calculate the dipole moment according to Eq. ͑3͒, the wave function for each valence and conduction band was extracted from the simulations. The derivative of the wave function for the studied valence band was calculated using the method of finite differences and the integral was performed. Approximately, 2 ϫ 10 7 grid points with a spacing of 0.044 Å in all directions were used for calculations in the three-dimensional space. The number of grid points in the x and y directions varied based on the diameter of the nanotube. As an example, a 300ϫ 300ϫ 221 grid was used to discretize the molecular orbitals for the BLYP calculations in an ͑8,0͒ nanotube. Further refining of the grid did not lead to any significant change in the results. Gaussian gives the wave functions only at the ⌫ point ͑k z =0͒. Therefore, dipole moments were calculated only at this k point, which in the case of zigzag nanotubes turns out to be where the VHS occur. Since the density of states is mainly due to these singularities, the dipole moment at the ⌫ point is expected to have the most significant effect on the overall rate of transition to a specific subband. The dipole moment was calculated for transitions between all the possible combinations of valence and conduction bands for 12 valence and 16 conduction bands. As an example, Fig. 1͑b͒ shows the squared magnitude of the dipole for transitions between the highest occupied molecular orbital ͑HOMO͒ and all the first 16 conduction bands of an ͑8,0͒ nanotube. Figure 1͑a͒ depicts the calculated band structure with the BLYP method.
As we can see from Fig. 1͑a͒ , in contrast with TB results, the band structure resulting from the first-principles calculations is not symmetric with respect to the Fermi level. As depicted in Fig. 1͑b͒ , D z Ϸ 0 for all the transitions except those to the fourth ͑A͒ and sixth ͑B͒ conduction bands. The first transition, in fact, occurs between the HOMO and the fourth conduction band instead of happening across the band gap. Table I summarizes the results and analysis of an ͑8,0͒ nanotube for the first 12 valence bands. Only simulation results with squared dipole value of more than 0.005 ͑ϳ0.01% of the maximum value obtained from our simulations͒ are shown and other transitions are not listed in the table for the sake of conciseness. The possible transitions are determined and the square value of the dipole moments ͑arbitrary units͒ and the photon energy required for each transition are shown. The selection rules have also been studied for these transitions and the symmetry parameters have been determined.
Dipole selection rules which govern light absorption and emission processes in CNTs only allow electronic transitions between specific valence and conduction bands for light polarized along the tube axis. These selection rules can be derived based on the symmetry of nanotubes and the symmetry-based quantum numbers. For achiral tubes ͑arm-chair and zigzag͒, the irreducible representations of the carbon nanotube symmetry groups are in the form of k X m h , where k is the wave vector along the nanotube axis, m is the quasiangular momentum related to the rotational symmetry, and h is the parity with respect to the horizontal mirror plane, h , denoted by "+" for even states and "−" for odd ones. X can be A or B for one-dimensional, E for two-dimensional, and G for four-dimensional representations. A and B also indicate the parity quantum number with respect to the vertical mirror plane, v , where A corresponds to even and B to odd parity.
Because of its 0 A 0 − symmetry, z-polarized light preserves the angular momentum quantum number, m. However, the horizontal parity is reversed upon this interaction since z-polarized light carries odd h and vertical parity is conserved because of even v . 33 In our studies, the type of the orbitals, their horizontal parity, and the angular momentum number, m, are determined by plotting the spatial distribution of the orbitals for each subband. Figure 2 shows example orbitals for two different subbands ͑c5 and v6͒ of the ͑8,0͒ nanotube. The out of plane ͑out of the nanotube surface͒ orbital in Fig. 2͑a͒ indicates a orbital while the in-plane orbital in Fig. 2͑b͒ suggests its origin to be mainly from bonds. In this work, the angular momentum number, m, for each orbital corresponds to half of the number of nodes of its wave function around the circumference.
III. DISCUSSION AND ANALYSIS
Based on our observations, in order to explain all the allowed transitions, the angular momentum number, m, defined before, needs to be transformed to a modified angular momentum number, m , according to the following:
where n is the index of the nanotube and M is an integer determined in a way that the modified quantum number satisfies the following range criteria:
ͬ . Table I shows that this modified angular momentum number, m ͓which is reminiscent of the helical angular momentum, m ͑Ref. 33͔͒, is conserved for all the transitions. From Table I , the maximum dipole moment in an ͑8,0͒ nanotube corresponds to the transition from the seventh valence band to the 15th conduction band, which is a -‫ء‬ transition. In general, the calculated dipole moment for the -‫ء‬ transitions have much larger values compared to the other transitions. However, since these transitions normally happen over large energy gaps, their corresponding transition rates are undermined ͓see Eq. ͑2͔͒. Our simulations for ͑10,0͒ and ͑7,0͒ nanotubes indicate a similar trend. The maximum dipole moment for transitions between the first 12 valence and 16 conduction bands of a ͑10,0͒ nanotube corresponds to the transition from the tenth valence band to the 14th conduction band, and it happens from the sixth valence band to the 14th conduction band for a ͑7,0͒ nanotube. Both of these transitions are of -‫ء‬ nature. Figures 3͑a͒ and 3͑b͒ show ͉HЈ͉ 2 and W ͑transition rate͒ at the ⌫ point, according to Eqs. ͑1͒ and ͑2͒, respectively, versus the required energy for the transitions in an ͑8,0͒ nano- tube. Because of the E −2 dependence of the transition rate ͑E is the transition energy͒, the probability of transition for the higher energy transitions, that generally correspond to the -‫ء‬ transitions, is rather weak. Also, the density of states ͑DOS͒ has a significant effect on the strength of transitions. For example, although the second transition has a much higher dipole moment compared to the first one, its probability of transition is less than the first transition because of its lower DOS. The maximum of absorption happens for the first transition at around 1.42 eV, corresponding to the transition between the first valence and fourth conduction bands and mapping to the infrared region. There is also a high probability of absorption for 1.53 eV ͑infrared͒, and 2.67 and 2.73 eV ͑blue͒ lights. Interestingly, there is also a relatively high absorption probability at around 12.45, 13.89, and 14.50 eV, mapping approximately to the low ultraviolet ͑12.4-14.1 eV͒ range.
͑5͒
The first seven peaks in the absorption spectra are related to -‫ء‬ transitions, which cover the infrared, visible and also the near UV region. As shown in Table I , transitions from a valence band to several conduction bands are possible. In fact, in some cases a transition from a valence band happens to more than one conduction band, in contrast with what is presumed in the TB approximation. For example, as shown in Fig. 1͑b͒ , transitions from HOMO can be made to either the fourth or the sixth conduction bands. 34 We also see that the extended tight-binding model, which takes into account the bands and the curvature effects, provides a much better agreement to the experimental values compared to the -orbital TB. 17 However, calculation of the dipole moment and study of the selection rules for nanotubes have not been done beyond the -orbital TB.
As noted in Refs. 11 and 12 and shown in Table II ͓Bethe-Salpeter ͑BS͒ results͔, excitonic effects that are ignored in our calculations can qualitatively affect the optical absorption results. This may explain the ϳ8% discrepancy between our results and the experimental data. It has been shown that the quasiparticle corrections and electron-hole interactions affect the band gap and play a crucial role in the optical absorption spectra of semiconducting carbon nanotubes. 11, 12 Figures 4͑a͒ and 4͑b͒ show the transition rate at the ⌫ point versus the transition energy for ͑10,0͒ and ͑7,0͒ nanotubes, respectively. The maximum of absorption for ͑10,0͒ and ͑7,0͒ nanotubes happens at 0.79 eV and 3.03 eV, respectively. Comparing the transition plots for the three nanotubes shows a few similarities in their absorption spectra. The majority of transitions with high probability happen in the infrared and visible range for the three nanotubes. Except in the range of ϳ5 -6 eV, no probability of transition is observed beyond the visible range up to 9 eV. However, considerable transition probabilities exist in the low UV range, mostly as a result of -‫ء‬ transitions. While the maximum absorption probability happens at the first transition and maps to the infrared region for ͑8,0͒ and ͑10,0͒ nanotubes, the maximum transition rate for a ͑7,0͒ nanotube happens at 3.03 eV ͑violet͒ and with a significantly higher relative probability compared to the maximum for the other two nanotubes. The reason for this high probability of transition can be attributed to the nearly dispersionless band at the fourth conduction band in the band structure of the ͑7,0͒ nanotube, which results in a very high DOS and therefore high transition rate.
Optical spectroscopy measurements carried out on SWNTs have shown strong peaks in the infrared and visible ranges and revealed the dependence of these peaks on the diameter and chirality of the nanotubes. [6] [7] [8] [9] The possibility of fluorescence and infrared photoluminescence for isolated SWNTs in aqueous suspensions or suspended SWNTs in air have also been reported. 1, 3 Photoconductivity experiments on SWNTs have also shown peaks in the infrared and visible ranges. 4, 5 
FIG. 3. ͑a͒ ͉HЈ͉
2 and ͑b͒ W ͑transition rate͒ at the ⌫ point versus the energy of transition for an ͑8,0͒ nanotube, showing the maximum absorption at 1.42 eV ͑infrared͒ and relatively high absorption probability in the visible and ultraviolet regions. Ultraviolet spectroscopy has revealed the dependence of the spectrum on the nanotube diameter. 35 UV absorption components in the optical spectra of carbon nanotubes have usually been attributed to the -plasmon excitations. 36 -‫ء‬ transitions at the X ͑K = a ͒ point of the band structure have also been suggested to be responsible for UV absorption. 15 Our results show that -‫ء‬ , -‫ء‬ , and -‫ء‬ transitions can also contribute to the UV components of the spectra.
IV. COMPARISON WITH TIGHT BINDING
To understand the discrepancies between our dipole moment results and the ones obtained from the -orbital TB model ͑within the zone-folding scheme͒, we first compare our calculated band structure with the TB band structure ͑Figs. 5 and 6͒. In TB, the valence and conduction bands are symmetric with respect to the Fermi level as shown in Figs. 5͑a͒ and 6͑a͒, and every corresponding valence and conduction bands have the same angular momentum quantum number and opposite horizontal parity. Therefore, transitions between each pair of conduction and valence bands of a zigzag nanotube satisfy the selection rules. In reality, however, the bands are not the only bands contributing to the electronic dispersion relation of nanotubes. Especially for nanotubes with a small diameter, the -hybridization alters the band structure and electronic characteristics significantly.
Our band-structure results are consistent with other existing first-principles calculations of the band structure such as those reported in Ref. 24 . Valence bands from TB compare relatively well with the bands from the DFT calculations, especially for the first few bands with higher energies. Bands resulting from bonds or strong -hybridization are shown with dashed lines in Fig. 5͑b͒ . The discrepancy between the two band structures is more apparent for the conduction bands. As shown in Fig. 6͑b͒ , the conduction bands are shifted down, distorted, and have switched places and, overall, they cease to form a symmetric image of the valence bands, consistent with calculations in Ref. 24 . This could be partially due to curvature and rehybridization effects. Such a strong down-bending effect has also been confirmed experimentally. 1, 2 As the diameter of the nanotube increases, these effects become less noticeable and the band structure approaches the one predicted in TB. However, for smalldiameter tubes, the discrepancies in the electronic band structures calculated from the first-principles methods and the TB approximation are at the core of the inconsistencies between the resulting optical transition dipole moments. Figure 7 compares the dipole moment at the ⌫ point between the valence and conduction -subbands with the same index, resulting from our calculations using both TB and DFT ͑BLYP/6-31G͒ electronic structures. A similar trend is observed for the three nanotubes. The dipole moment square for each nanotube is normalized based on the TB value for the last subband and the subband indices are assigned in a manner consistent with the TB subband number assignment. Even for these subbands, although there is general agreement between TB and DFT results, there are clear and significant differences. Moreover, in contrast with the TB prediction, the dipole moment calculated using DFT does not show a monotonic increase with the subband number.
Neglecting the curvature effects can also affect the density of states and consequently the calculated probability of transition. For example, according to the TB calculations in Ref. 20 for ͑n ,0͒ zigzag nanotubes with n even, there is a sharp peak in the absorption spectrum corresponding to the transition to the conduction subband with m = n 2 . This maps to the transition with the energy of 5.67 eV in Fig. 3͑b͒ which does not indicate a very strong peak. The reason for the strong peak in the TB calculations is the dispersionless band for m = n 2 , which results in a high DOS. Our band-structure calculations for ͑8,0͒ and ͑10,0͒ nanotubes, however, show that this band is not completely dispersionless and its associated DOS is not as high as what is predicted by TB. On the other FIG. 4 . Transition rate at the ⌫ point versus the energy of transition for ͑a͒ ͑10,0͒ and ͑b͒ ͑7,0͒ nanotubes, showing high probability of transitions in the infrared, visible and low UV regions. Maximum of absorption for ͑10,0͒ and ͑7,0͒ nanotubes is located at 0.79 eV and 3.03 eV, respectively. hand, our band-structure calculations for the ͑7,0͒ nanotube result in a nearly dispersionless band near the ⌫ point at the m = n−1 2 subband, which is not dispersionless according to the TB calculations. This conduction band in fact leads to the maximum of absorption probability and a sharp peak in the optical spectrum of the ͑7,0͒ nanotube because of its high DOS.
We performed a similar comparison between our results based on different first-principles approaches. This is shown in Fig. 8 , where the three curves follow a similar behavior. Notably, B3LYP, which is a hybrid DFT method involving both BLYP and HF contributions, leads to values that fall between the BLYP and RHF results.
As discussed earlier, since the VHS for zigzag nanotubes happen at the ⌫ point, we expect the spectra in Figs. 3 and 4 to be very close to the overall spectra of these nanotubes. A comparison with other first-principles calculations for the optical absorption spectra of an ͑8,0͒ nanotube in the 3-7 ͑Ref. 15͒ and 0-8 eV ͑Ref. 16͒ ranges confirms this point. The only peak missing in our calculation within this range is the one at around 4 eV that has been shown to occur at the X point of the band structure for a transition between the valence and conduction band with m = n 2 . This is likely due to the high density of states for these bands at the X point of the band structure, which results in a non-negligible transition rate.
V. SUMMARY
In summary, the band-to-band transition dipole moment for ͑8,0͒, ͑10,0͒, and ͑7,0͒ zigzag nanotubes was calculated at the ⌫ point for 12 valence and 16 conduction bands in a wide range of wavelengths ͑infrared-visible-ultraviolet͒ using first-principles methods. We compared the results with the conventional selection rules for nanotubes. We noted that modified angular momentum numbers should be used in order to explain all the allowed transitions. We showed that FIG. 7 . ͑Color online͒ Magnitude squared of the dipole moment for ͑a͒ ͑8,0͒, ͑b͒ ͑10,0͒, and ͑c͒ ͑7,0͒ nanotubes at the ⌫ point with the TB and DFT ͑BLYP/6-31G͒ methods. besides the -‫ء‬ transitions, -‫ء‬ , -‫ء‬ , and -‫ء‬ transitions also contribute to the optical spectrum. In fact, the dipole moment magnitude was shown to be highest for -‫ء‬ transitions and some of these transitions resulted in a high probability of absorption in the low UV region. The trends in dipole moments, selection rules, and transition rates were similar in all the three nanotubes. We observed high transition rates in the infrared, visible and even low UV ranges. The maximum of absorption at the ⌫ point for ͑8,0͒, ͑10,0͒, and ͑7,0͒ nanotubes occurred at approximately 1.42 eV, 0.79 eV and 3.03 eV, respectively, and the strong peaks in the UV region were related to the -‫ء‬ transitions in all the three nanotubes. By using first-principles approaches, the curvature effects were automatically taken into account. These effects could play an important role in the optical properties of nanotubes with small diameters.
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